Entanglement and objectivity in pure dephasing models by Roszak, Katarzyna & Korbicz, Jarosław K.
ar
X
iv
:1
90
4.
08
26
1v
1 
 [q
ua
nt-
ph
]  
17
 A
pr
 20
19
Entanglement and objectivity in pure dephasing models
Katarzyna Roszak1 and Jaros law K. Korbicz2
1Department of Theoretical Physics, Faculty of Fundamental Problems of Technology,
Wroc law University of Science and Technology, 50-370 Wroc law, Poland
2Center for Theoretical Physics, Polish Academy of Sciences, Aleja Lotnikw 32/46, 02-668 Warsaw, Poland
(Dated: April 18, 2019)
We study the relation between the emergence of objectivity and qubit-environment entanglement
generation. We find that although entanglement with the unobserved environments is irrelevant
(since sufficiently strong decoherence can occur regardless), entanglement with the observed envi-
ronments is crucial. In fact, the appearance of an objective qubit-observed-environment state is
strictly impossible if their joint evolution does not lead to entanglement. Furthermore, if a single
observer has access to a single environment (no macrofractions) then the required orthogonality of
the observed environmental states comes only as a consequence of the system-enviornment state
becoming strongly entangled (maximally entangled for the given initial occupation of the qubit if
the environmental state is initially pure).
I. INTRODUCTION
The idea of objectivity [1–3] is related to the notion
that classicality should emerge naturally out of the quan-
tum description to allow unrelated observations of a sys-
tem by different parties, which would neither destroy the
state of the observed system nor leave ambiguity in the
information obtained about its state. Such observations
are to be performed not by direct measurements of the
system of interest (which would obviously not satisfy the
requirements of objectivity in quantum mechanics), but
rather by measurements of different environments which
can gain information about the system state during their
joint evolution with said system.
Recently, the notion of such a system-environment
state has been has been specified and its mathemati-
cal structure proposed [4, 5]. The so called spectrum
broadcast structure (SBS) states are zero-discord states
from the point of view of the system of interest and from
each environment to be observed, which guarantees that
repeated, independent measurements on individual envi-
ronments do not disturb the state of the system nor of
other environments:
σˆSBS =
∑
i
pi|i〉〈i| ⊗ ρ
1
i ...⊗ ρ
N
i , (1)
ρˆki ⊥ ρˆ
k
i′ for every i
′ 6= i and k = 1, . . . , N. (2)
Here {|i〉} is the so-called pointer basis of the central sys-
tem to which it decoheres, pi are initial pointer proba-
bilities, k enumerates the environments, and ρˆki are some
states of the observed parts of the environment of which
we require only that they have mutually orthogonal sup-
ports for different pointer index i or in other words are
perfectly distinguishable in one shot.
To study situations when the emergence of objectiv-
ity is possible in the above sense of SBS creation, typi-
cally system-environment interactions are taken into ac-
count which lead to pure dephasing of the qubit [6–13] af-
ter the environmental degrees of freedom are traced out.
These types of interactions describe situations when the
T ∗2 times are much shorter than the T1 times (the de-
cay of phase coherence is much faster than relaxation)
are fairly common in solid state scenarios. It is true
that for the two-level systems earliest studied as qubits
in context of quantum information processing, such as
two-level atoms manipulated coherently with a narrow
linewidth laser field, energy exchange with an environ-
ment (spontaneous emission) was often the most rele-
vant decoherence mechanism. However, this was due to
the fact that the only environment of such atoms was
electromagnetic vacuum. In order to advance the devel-
opment of quantum circuits to the multi-qubit stage, it
turned out to be necessary to move to architectures in
which the relevant environment was much more struc-
tured. All the solid-state based qubits (both spin based
[14–18] and charge-based [19–21] in semiconductors, flux
[22] and many charge-based qubits [23] in superconduc-
tors) are exposed to structured environments lattice vi-
brations, charge noise from various sources, nuclear spin
fluctuations etc. which typically have slow dynamics
(correlation times possibly longer than typical qubit de-
coherence time), and as such are more efficient at dephas-
ing of the qubit state that is in a superposition of pointer
states, than at changing the populations of these pointer
states. It is important to note that the same applies to
ion trap qubits [24]. In all these systems the dephasing
of the qubit occurs on timescales orders of magnitude
shorter than the timescale of energy exchange with the
environment, and decoherence channels such as ampli-
tude damping are irrelevant when the initial state of the
qubit is a superposition of pointer states.
Such interactions do not disturb the occupations of the
system described in the basis of so called pointer states
[25, 26], but are detrimental to qubit coherence. When
a system-environment state is initially in a pure (prod-
uct) state, the decoherence corresponds directly to the
buildup of system-environment entanglement, and is in
fact accompanied by the transfer of information about
the system state into the environment. This information
transfer is the basis for the possible formation of SBS
states, since for information about the system state to
2be read out of an environment, it must first be trans-
ferred there by some physical process. The formation of
SBS states further requires a source of decoherence (and
environment or environments which are not observed) as
to lose the coherence and correlations between the sys-
tem and the observed environments, which is necessary
to get the zero-discord form.
In realistic situations, pure initial states of any envi-
ronments are rare. Hence, the study of mixed initial en-
vironmental states is necessary to assess if SBS states are
likely to occur. For mixed states the correlation between
system-environment entanglement buildup and system
decoherence is less direct; although such entanglement
is always accompanied by decoherence, decoherence is
also possible without said entanglement [27–31]. In the
following we use the methods devised in Refs [30, 31]
to study the interrelations between system-environment
entanglement generation and the possibility of the emer-
gence of SBS states. We show that entanglement is a
necessary, but not sufficient condition for objectivity. In
fact, if no entanglement between the observed environ-
ments and the system is generated, there is no possibility
to distinguish between the system pointer states by per-
forming any measurements on the environments. Hence,
entanglement is directly responsible for the transfer of
information about the system state into an environment
and its lack is equivalent to the complete absence of such
transfer, so no methods which can be used to enhance
distinguishability (such as assigning more environments
to a single observer [6–13]) will work.
We further study the conditions which need to be ful-
filled by the interaction with the observed environments
for environmental states corresponding to qubit pointer
states to become fully distinguishable (this part is lim-
ited to the system consisting of a single qubit). We find
that the amount of entanglement necessary is surpris-
ingly large and that, consequently, there are constraints
on the initial purity of the environments for such full
distinguishability to be able to manifest itself.
The article is organized as follows. In Sec. II we intro-
duce the studied model in detail, including the Hamil-
tonian of the system, observed environments, and un-
observed environments, the resulting evolution operator
and the structure of the density matrix of the whole sys-
tem at time t. We then show the necessary constraints
on the evolution of the observed and unobserved envi-
ronments conditional on the states of the system for the
emergence of objectivity. In Sec. III we first show that
separability of the qubit and its observed environments
excludes the emergence of SBS states, and later gener-
alize the results to a system of any size. Sec. (IV) is
devoted to the study of when observations of an envi-
ronment can be used to completely distinguish between
qubit pointer states. We find that this leads to a strict
condition for qubit-environment entanglement, but also
excludes small values of initial purity of the environment.
Sec. (V) concludes the article.
II. PURE DEPHASING EVOLUTIONS AND
SBS STATES
The measurement Hamiltonian which is used to study
the emergence of spectrum broadcast structure states is,
in fact a special case of the general Hamiltonian which
leads to pure dephasing evolutions [6–13] in a system-
environment scenario [30, 31]. The Hamiltonian is given
by
Hˆ =
∑
i
(
εi|i〉〈i|+ |i〉〈i| ⊗ Vˆ
i
not +
∑
k
|i〉〈i| ⊗ Vˆ ik
)
, (3)
where the first term on the right describes the free Hamil-
tonian of the system in its eigenbasis {|i〉}, while the
other two terms describe the interaction with the envi-
ronment. The environmental coupling is divided into two
parts: The second term on the right is responsible for the
interaction with the part of the environment which is not
observed and its free evolution, Vˆ inot = Hˆnot+
ˆ˜V inot. This
Hamiltonian may be further resolved into parts describ-
ing different unobserved environments. We do not do it
explicitly here, as it has no bearing on the described re-
sults. The third term is responsible for the interaction
of the system with the observed part of the environment
and its free evolution, Vˆ ik = Hˆk +
ˆ˜V ik . This part of the
Hamiltonian is resolved with respect to the individual ob-
servers, which are labeled by the index k. Since all terms
in the Hamiltonian (3) commute, the evolution operator
for the whole system can be written as
Uˆ(t) =
∑
i
e−iεit|i〉〈i| ⊗ e−iVˆ
i
not
t ⊗
⊗
k
e−iVˆ
i
k
t. (4)
Let us stress here that the free evolution of the environ-
ments is present in the environmental coupling operators
Vˆ inot and Vˆ
i
k and no assumptions are made on the com-
mutation relations between different parts of the Hamil-
tonian pertaining to the same environment (neither the
free Hamiltonian must commute with the interaction, nor
the different elements of the interaction with themselves).
The difference between Hamiltonian (3) and the general
pure-dephasing Hamilotnian amounts to the lack of in-
teraction between the different environments.
We assume (following the papers on objectivity [6–13]
that the initial state of the system and environments
is a product state with respect to the system, the un-
observed environment, and each observed environment.
This translates into the physical situation, when the state
of the system can be prepared without disturbing any of
the environments, and the observers each are truly sepa-
rated. Furthermore we assume (as to be able to use the
results on system-environment entanglement for pure de-
phasing evolutions [30, 31]) that the initial state of the
qubit is pure. This means that the initial state of the
system and its environments can be written as
ˆ˜σ(0) = |ψ0〉〈ψ0| ⊗ Rˆnot(0)⊗
⊗
k
ρˆk(0), (5)
3where |ψ0〉 =
∑
i ai|i〉 is a superposition of pointer states
of the system, Rˆnot(0) is the initial state of the unob-
served environment, and ρˆk(0) are the individual initial
states of the observed environments.
Taking the initial state (5) and using the evolution
operator given by eq. (4) yields the density matrix of the
system and its environments at any time t. If the system
is only a qubit, i = 0, 1, this can be explicitly written as
ˆ˜σ(t) =
(
|a0|2Rˆ00(t)⊗
⊗
k ρˆ
k
00(t) a0a
∗
1(t)Rˆ01(t)⊗
⊗
k ρˆ
k
01(t)
a1(t)a
∗
0Rˆ10(t)⊗
⊗
k ρˆ
k
10(t) |a1|
2Rˆ11(t)⊗
⊗
k ρˆ
k
11(t)
)
, (6)
where a1(t) = be
−i∆εt and ∆ε = ε1 − ε0,
Rˆij(t) = wˆ
not
i (t)Rˆnot(0)wˆ
not†
j , (7a)
ρˆkij(t) = wˆ
k
i (t)ρˆ
k(0)wˆk†j (t), (7b)
with the environmental evolution operators conditional
on the state of the qubit given by
wˆnoti (t) = e
−iVˆ i
not
t, (8a)
wˆki (t) = e
−iVˆ i
k
t. (8b)
This structure is preserved, and it can be easily general-
ized to a system of any size [31].
The next step in trying to obtain the SBS state is trac-
ing out over the unobserved environment, which for a
qubit yields
σˆ(t) =
(
|a0|2
⊗
k ρˆ
k
00(t) a0a
∗
1(t)Γ01(t)
⊗
k ρˆ
k
01(t)
a1(t)a
∗
0Γ
∗
01(t)
⊗
k ρˆ
k
10(t) |a1|
2
⊗
k ρˆ
k
11(t)
)
,
(9)
since Tr Rˆii(t) = 1 (the matrices Rˆii(t) are density ma-
trices, as they are obtained via a unitary operation from
the initial density matrix of the unobserved environment)
and where
Γ01(t) = Tr Rˆ01(t) = Tr
[
wˆnot†
1
(t)wˆnot0 (t)Rˆnot(0)
]
(10)
is the decoherence factor.
For the state (9) to become an SBS state in the
{|0〉, |1〉} pointer basis of the qubit, two conditions need
to be met. Firstly, the decoherence function stemming
from the unobserved part of the environment has to decay
to zero, Γ01(t) = 0. In the following we will not be study-
ing this condition, since its fulfillment is not related to
the generation of qubit-environment entanglement, but
only to the strength of the interaction between the qubit
and the unobserved part of the enviornment. In fact,
the condition can be met both in case of entangling and
non-entangling evolutions [27–31], and we will implicitly
assume that the interaction is strong enough to cancel the
off-diagonal terms in eq. (9). Under such an assumption,
the density matrix (9) is given by
σˆ(t) =
∑
i
|ai|
2|i〉〈i| ⊗
⊗
k
ρˆkii(t). (11)
For larger systems this form is obtained when all
of the decoherence factors Γij(t) = Tr Rˆij(t) =
Tr
[
wˆnot†i (t)wˆ
not
j (t)Rˆnot(0)
]
= 0, for all i 6= j.
For the density matrix of the system and observed en-
vironments to be an SBS state, a second requirement is
necessary, namely that the observed environment density
matrices conditional on the system pointer states, ρˆkii(t),
be perfectly distinguishable. This in turn is equivalent to
them being orthogonal, in the sense of having orthogonal
supports
ρˆkii(t)ρˆ
k
jj(t) = 0 (12)
for every pair of system pointer states, i 6= j, and for
all observed environments k. Only then can the system
states be uniquely determined by measurements on any
of the environments, without damaging either the system
state or the states of the environments themselves [4, 5].
III. ENTANGLEMENT AND THE
EMERGENCE OF OBJECTIVITY
Let us begin with the study of the situation when
the system of interest is only a qubit (so i = 0, 1). In
Ref. ([30]) it is shown that for an evolution governed by a
Hamiltonian which leads to pure dephasing of the qubit
after the environmental degrees of freedom are traced
out, of which the Hamiltonian given in eq. (3) is a special
case, and a product initial qubit-environment state, with
the qubit initially in a pure state, as in the initial state
of eq. (5), the qubit-environment state is separable if and
only if the evolutions of the environment conditional on
the qubit being in one of its pointer states are the same.
In the studied scenario, this condition translates into
Rˆii(t)⊗
⊗
k
ρˆkii(t) = Rˆjj(t)⊗
⊗
k
ρˆkjj(t), (13)
with i = 0 and j = 1. Since all of the environmental
states in eq. (13) are in product form, and the environ-
ments themselves are described by different subspaces
of the Hilbert space, the separability condition can be
resolved into separate conditions for each environment
k (the unobserved environment is irrelevant, since its
entanglement is irrelevant with respect to objectivity).
4Hence, if there is no entanglement generated between the
qubit and the environment, then
∀k ρˆ
k
ii(t) = ρˆ
k
jj(t), (14)
Obviously this implies that the state (11) cannot be an
SBS state, as states ρˆkii(t) are then identical for different
central qubit states i.
This result can be easily generalized to a system of any
size with the help of Ref. ([31]), where it is shown that the
necessary condition for separability (but not sufficient) is
exactly of the form as eq. (13), but it must be fulfilled for
all pairs of system pointer states, i 6= j. This translates
into a family of conditions for different environments k,
as in eq. (14). Hence, for systems larger than a qubit,
objectivity cannot emerge if the the system-environment
evolution for state k is non-entangling, but also for en-
tangling evolutions that satisfy the necessary separability
condition (14).
This leads us to our first result:
Proposition 1 If the evolution governed by a pure de-
phasing Hamiltonian (3) with an initial state of the form
(5) does not generate a qubit-environment entanglement,
then SBS states will not be formed.
Thus we obtain an interesting result that qubit-
environment entanglement (QEE) is a necessary condi-
tion for the emergence of objectivity. This is somewhat
intriguing since the purely quantum property of entan-
glement appears to be necessary for the emergence of the
classical property of objectivity (for a similar conclusion
but obtained in a very different context see Ref. [32]).
But QEE alone is not sufficient for the emergence of ob-
jectivity even for qubit systems, since the condition for
QEE generation, ρˆkii(t) 6= ρˆ
k
jj(t), is much weaker than the
condition (12). We study the latter in more detail in the
next Section.
IV. STRICT DISTINGUISHABILITY
Let us now study the situation when the orthogonality
condition (12) is strictly fulfilled. In realistic situations
one can hardly expect such strict fulfillment (see e.g. [6–
13]) and some measure of distinguishability [33, 34], like
the state fidelity, must be used. Nevertheless it is in-
teresting to study the ideal situation and use it to infer
about the behavior of systems which do not show strict
orthogonality, but do exhibit the generation of system-
environment entanglement. The following will be re-
stricted to the system of interest composed of a single
qubit.
The fulfillment of condition (12) means that the envi-
ronmental density matrices conditional on different qubit
states |0〉 and |1〉 must be defined on separate subspaces
of the Hilbert space of the corresponding environment.
Hence, it imposes strong limitations on the evolution of
the qubit-environment state. Since the condition (12)
must be fulfilled separately for any environment k, the
study of the condition for a single environment leads to
results which must be fulfilled by all observed environ-
ments separately. Hence, we will study one environment
labeled by the index k without any limitations on its di-
mension dk.
It is now most convenient to express all of the ρˆkij(t)
matrices, eq. (7b), with the help of the ρˆk00(t) conditional
environmental density matrix,
ρˆk11(t) = wˆ
k(t)ρˆk00(t)wˆ
k†(t), (15a)
ρˆk01(t) = ρˆ
k
00(t)wˆ
k†(t), (15b)
ρˆk10(t) = wˆ
k(t)ρˆk00(t), (15c)
where
wˆk(t) = wˆk1 (t)wˆ
k†
0
(t). (16)
We can write the density matrix of the k-th environ-
ment conditional on the qubit state being zero at time t
in its eigenbasis
ρˆk00(t) =
∑
nk
cnk |nk(t)〉〈nk(t)| (17)
(cnk do not depend on t because ρˆ
k
00(t) is obtained from
ρˆk(0) by a unitary rotation). The basis of the density
matrix ρˆk00(t) is time-dependent, but in what follows we
will not write the time-dependences explicitly, both for
clarity and to save space. Equally well, one can perform
the following analysis in the eigenbasis of ρˆk(0) or ρˆk11(t)
and we pick ρˆk00(t) for definiteness and convenience.
The orthogonality condition (12) can be written in this
notation
ρˆk00(t)ρˆ
k
11(t) = ρˆ
k
00(t)wˆ
k(t)ρˆk00(t)wˆ
k†(t) (18)
=
∑
nk,mk
cnkcnk |nk〉〈nk|wˆ
k(t)|mk〉〈mk|wˆ
k†(t)
= 0.
For (18) to be fulfilled, all of the elements of the matrix
ρˆk00(t)ρˆ
k
11(t) must be equal to zero, so for all pk and qk,
〈pk|ρˆ
k
00ρˆ
k
11|qk〉 =
∑
nk,mk
cnkcmk〈pk|nk〉〈nk|wˆ
k|mk〉〈mk|wˆ
k†|qk〉
= cpk
∑
mk
cmk〈pk|wˆ
k|mk〉〈mk|wˆ
k†|qk〉 = 0. (19)
Here the second line is obtained assuming that the states
|pk〉 and |qk〉 are eigenstates of ρˆk00(t). In this case, let
us look at the diagonal elements, pk = qk, for which we
must have
〈pk|ρˆ
k
00(t)ρˆ
k
11(t)|pk〉 = cpk
∑
mk
cmk |〈pk|wˆ
k(t)|mk〉|
2 = 0,
(20)
for all pk. Since cpk ≥ 0, cmk ≥ 0, and |〈pk|wˆ
k|mk〉|2 ≥ 0,
the only situation when (20) is fulfilled, is either when
cpk = 0 or when cmk = 0 or 〈pk|wˆ
k|mk〉 = 0 for all mk.
5Note that this automatically implies that the condition
(19) for off-diagonal elements is also met. The last rel-
evant, if somewhat trivial, observation here is that for
mk = pk (the sum spans over all ρˆ00(t) eigenstates) we
get that either cpk = 0 or 〈pk|wˆ
k|pk〉 = 0, which must
hold for any pk.
If the orthogonality condition is to be met for envi-
ronment k, there must exist separate subspaces in the
Hilbert space of the environment for ρˆk00(t) and ρˆ
k
11(t),
so there must exist eigenvalues of the conditional matrix
ρˆk00(t) which are equal to zero, cqk = 0, since ρˆ
k
11(t) is
a density matrix and cannot have all diagonal elements
equal to zero. In other words ρˆk00(t) must have a non-
trivial kernel. We denote the states corresponding to
this kernel as |qk〉.
Since wˆk(t) is unitary, we can always write
wˆk(t)|nk〉 =
∑
mk
bmk |mk〉 = bnk |nk〉+
∑
mk 6=nk
bmk |mk〉,
(21)
with
∑
mk
|bmk |
2 = 1. As shown previously, orthogo-
nality implies that either bnk = 〈nk|wˆ
k(t)|nk〉 = 0, or
cnk = 0, so for all nk 6= qk (cnk 6= 0), we have bnk = 0
and
wˆk(t)|nk〉 =
∑
mk 6=nk
bmk |mk〉 = |nk⊥〉, (22)
where |nk⊥〉 is some state orthogonal to |nk〉.
From (15a) we have
ρˆk11(t) =
∑
nk
cnk |nk⊥〉〈nk⊥|, (23)
and the orthonormality condition yields
ρˆk00(t)ρˆ
k
11(t) =
∑
nk
cnk |nk〉〈nk|
∑
mk
cmk |mk⊥〉〈mk⊥| (24)
=
∑
nk 6=mk
cnkcmk〈nk|mk⊥〉|nk〉〈mk⊥| = 0.
Since the condition (24) means that all of the elements
of the matrix must be equal to zero, it is equivalent to
statement that for all nk,mk 6= qk,
〈nk|wˆ
k(t)|mk〉 = 〈nk|mk⊥〉 = 0, (25)
which means that the states |nk⊥〉 must be orthogonal
not only to |nk〉, but also to all other states in the support
of ρˆk00(t) (eigenstates with non-zero occupations). This is
not in the least surprising, because it simply means that
the operator wˆk(t) takes the eigenstates of ρˆk00(t) into
a different subspace, as it should. Moreover, the states
|nk⊥〉 are orthogonal with respect to each other, since
〈nk⊥|mk⊥〉 = 〈nk|wˆ
k†(t)wˆk(t)|mk〉 = 〈nk|mk〉 = δnkmk .
(26)
Hence, they constitute a basis in the ρˆk11(t) subspace
and belong to the kernel of ρˆk00(t) (our |qk〉 states, for
which cqk = 0). There can of course exist other states
in Kerρˆk00(t) but they play no role in our analysis. Fur-
thermore, the number of |nk⊥〉 states has to be the same
as the number of |nk〉 states, so the conditional density
matrices of the environment ρˆkii(t) are symmetric with
respect to each other, in the sense, that they have the
same occupations cnk , but for a different set of orthogo-
nal eigenstates in different subspaces, which immediately
follows from (15a). This further implies that for an envi-
ronment of dimension dk, the dimension of the support
of ρˆii(t) cannot exceed dk/2 for even dk and (dk − 1)/2
for odd dk.
The above analysis can be compactly summarized by
writing matrix elements of wk(t) in the basis {|rk〉} =
{|nk〉}∪{wk(t)|mk〉}∪{|κk〉}, where the last vectors cor-
respond to the part of the kernel of ρˆk00(t) which is not
of the form wk(t)|mk〉. Strict orthogonality at time t im-
plies that in such a chosen and ordered basis, we have
the following matrix structure,
〈rk|w
k(t)|r′k〉 =


0 ∗ 0
1 0 0
0 ∗ ∗


(27)
In reality, strict orthogonality at time t is a strong con-
straint on the free parameters of the model: The condi-
tional evolutions Vˆ ik , the initial environment state ρˆ
k(0),
and the time moment t. Indeed, coming back the defini-
tions (8b,7b) we have that |nk(t)〉 = wk0 (t)|nk(0)〉, where
|nk(0)〉 is the eigenbasis of ρˆk(0). Defining a new basis in
the environment Hilbert space by |rk(0)〉 = w0(t)†|rk(t)〉,
we have that
〈rk(t)|w
k(t)|r′k(t)〉 = 〈rk(0)|e
iVˆ 0
k
te−iVˆ
1
k
t|r′k(0)〉 (28)
and this matrix must have form (27) at the time t.
A. Purity
Quite surprisingly, the emergence of objectivity puts
some constraint on the initial purity of the environment.
The constraint comes from the orthogonality for the con-
ditional evolution of each environmental state ρˆkii(t). It
is straightforward to show that the initial purity of the
k-th environment
P k(0) = Tr ρˆk(0)2 = Tr ρˆk00(t)
2 = Tr ρˆk11(t)
2, (29)
using the definitions (7b), the fact that the operators
wˆki (t) are unitary, and the properties of the trace.
In general the purity of a normalized state is bounded
from below by 1/dk (where dk is the dimension), but
we have previously shown that the dimensionality of the
support of the states ρˆkii(t) cannot exceed dk/2 for even
6dk and (dk − 1)/2 for odd dk. Hence, the minimal purity
of ρˆkii(t) is 2/dk or 2/(dk − 1), respectively. This means,
as we see from eq. (29), that orthogonality is possible
only when
P k(0) ≥
2
dk
or
2
dk − 1
. (30)
This doubly exceeds the minimum value for a mixed state
purity and has non-negligible consequences, especially for
small environments. In the extreme case, when each en-
vironment consists only of a qubit, it means that the
emergence of objectivity is only possible if the whole en-
vironment is initially pure. The same conclusion is drawn
for qutrit environments.
B. Consequences for qubit-environment
entanglement
Let us examine the consequences of strict orthogonal-
ity for QEE. To this end, we will study the full system
density matrix (6) without tracing out the degrees of
freedom of the unobserved environment. We do so since
the resulting lack of coherence would conceal the level of
qubit-environment entanglement necessary for the emer-
gence of strict orthogonality without any advantage to
our understanding of the studied processes. This matrix
can be written at time t using the eigenstates of the unob-
served environmental matrix Rˆ00(t) and each unobserved
environmental matrix ρˆk00(t) at time t, {|r〉} and {|nk〉},
respectively. To do this we introduce the joint matrices
describing the evolution of the observed environments
ρˆij(t) =
⊗
k ρˆ
k
ij(t) and the joint conditional evolution
operator of the observed environment wˆ(t) =
⊗
k wˆ
k(t).
Using equations analogous to eqs (15) we obtain
ˆ˜σ(t) =
(
|a0|2Rˆ00(t)⊗ ρˆ00(t) a0a∗1(t)Rˆ00(t)wˆ
not†(t)⊗ ρˆ00(t)wˆ†(t)
a∗0a1(t)wˆ
not(t)Rˆ00(t)⊗ wˆ(t)ρˆ00(t) |a1|
2wˆnot(t)Rˆ00(t)wˆ
not†(t)⊗ wˆ(t)ρˆ00(t)wˆ
†(t)
)
, (31)
where wˆnot(t) = wˆnot1 (t)wˆ
not†
0
(t). We now introduce
eigenstates of the conditional density matrix of all ob-
served environments
|n〉 =
⊗
k
|nk〉 = |n1 . . . nN 〉, (32)
where N is the number of such environments, so the their
joint conditional density matrix must be of the form
ρˆ00(t) =
∑
n
Cn|n〉〈n|, (33)
where the eigenvalues corresponding to each eigenstate
|n〉 are (cf. (17))
Cn =
N∏
k=1
cnk , (34)
The summation in eq. (33) is over all possible values of n,
so it is over all possible combinations of the eigenstates
|nk〉 for different observed environments. We can sim-
ilarly decompose the conditional density matrix of the
unobserved environment,
Rˆ0(t) =
∑
r
cr|r〉〈r|, (35)
where cr and |r〉 are its eigenvalues and eigenvectors at
time t, respectively.
Inserting eqs (33) and (35) into eq. (31) yields
ˆ˜σ =
∑
r,n
crCn|ψr,n〉〈ψr,n|, (36)
where
|ψr,n〉 = a0|0〉⊗ |r〉⊗ |n〉+a1(t)|1〉⊗ wˆ
not(t)|r〉⊗ wˆ(t)|n〉.
(37)
Such a decomposition into projectors is possible only be-
cause qubit is initially in a pure state; if this was not
the case an analogous decompositon could be made into
density matrices.
The orthogonality condition (25) for environment k
implies that for all states |nk〉, |mk〉 in the support of
ρˆk00(t), 〈mk|nk⊥〉 = 〈mk|wˆ
k(t)|nk〉 = 0. This automati-
cally translates into maximum possible entanglement for
a given initial qubit occupation a between the qubit and
the rest of the system in a state |ψr,n〉, since the states
|r〉⊗ |n〉 and wˆnot(t)|r〉⊗ wˆ(t)|n〉 are orthogonal. In fact,
the state has maximum possible entanglement between
any subspace containing the qubit and any subspace con-
taining the environment that fulfills the orthogonality
condition.
Another consequence of the orthogonality condition
being fulflled for even one environment is the guaranteed
full dephasing of the qubit due to the qubit-environment
interaction. Tracing out over the environmental degrees
of freedom yields
TrE σˆ(t) = |a0|
2|0〉〈0|+ |a1|
2|1〉〈1|, (38)
7because the orthogonality condition (25) for environment
k gives Tr[wˆki (t)ρˆ
k
00(t)] = 0 which kills the off-diagonal el-
ements in (31) regardless of the other envirnments. This
is a manifestation of a fact that if considered in the same
subspace, orthogonality is a stronger condition than de-
coherence. Indeed one can easily show that the modulus
of the decoherence factor for the k-th environment is not
greater than the generalized overlap between the states
ρˆk00(t) and ρˆ
k
11(t):
∣∣∣Tr [wˆk†1 (t)wˆ0(t)ρˆk(0)]∣∣∣ ≤ Tr
[√
ρˆk
00
(t)ρˆk00(t)
√
ρˆk
00
(t)
] 1
2
.
(39)
For an SBS state to emerge, strict orthogonality must
be fulfilled for all observed environments (for all k). As
is straightforward to see, all of the states (37) which
enter the decomposition (36) must be defined on differ-
ent subspaces of the full Hilbert space, so it is straight-
forward to find entanglement (as measured by Nega-
tivity N ) between the qubit and all of the environ-
ment. This is because the qubit-environment density
matrix (36) is in this case block-diagonal in subspaces of
{|0〉⊗|r〉⊗|n〉, |1〉⊗|r〉⊗|n〉, |0〉⊗|r〉⊗|n⊥〉, |1〉⊗|r〉⊗|n⊥〉},
for a given |n〉 and |n⊥〉 from the support of ρˆk00(t) and
an arbitrary |r〉. This means that the block diagonal
form persists after partial transposition. Since Negativ-
ity [35, 36] is the absolute value of the sum of all negative
eigenvalues of a density matrix after partial transposition
with respect to one of the (potentially) entangled subsys-
tems, for such block diagonal matrices, negativity will be
the sum of the Negativities of |ψr,n〉〈ψr,n| weighted by
the coefficients crCn, as |ψr,n〉 are all orthogonal to each
other.
The Negativity of each matrix |ψr,n〉〈ψr,n| is the same
and is equal to |a0a1|, cf. (37), so the Negativity of the
density matrix (36) is also equal to |a0a1|
N (ˆ˜σ(t)) = |a0a1|, (40)
since
∑
r cr
∑
n Cn = 1. This is fairly surprising, since
the value of Negativity which allows for the formation of
SBS states is set only by the occupation of qubit pointer
states, and does not depend on the dimension of the ob-
served environments. It also does not depend on the
purity of the state, as long as the purity is high enough
that it allows for the formation of states which fulfill the
orthonormality criterion (see previous subsection). Note,
that this is the same value of Negativity that one would
have, if the environment would be a qubit. In this case
the qubit-environment state has to be pure (again see
previous subsection) and the qubit-environment state in
question has the largest possible amount of entanglement
for a given initial qubit superposition state.
An important observation here is that if the value of
Negativity, |a0a1|, between the qubit and its environ-
ments is reached, this does not automatically mean that
all of the observed environments fulfill the strict orthogo-
nality criterion. It only means that at least one of the en-
vironments does. Hence, to probe orthogonality via the
created entanglement in a system with many observed
environments, it would be necessary to find the Nega-
tivity between each observed environment and the rest
of the system separately. The fulfillment of the strict
objectivity criterion would be accompanied by the max-
imization of such Negativity, when it would reach the
value of |a0a1|.
V. CONCLUSIONS
We have studied the situation when a system in-
teracts with multiple observed and unobserved envi-
ronments to determine the interdependencies between
system-environment entanglement generation and the
possibility of the emergence of objectivity via SBS states
(1). Such entanglement does not change the properties of
decoherence [27–31] and hence is irrelevant for the deco-
herence function, so the effect of the unobserved environ-
ments is independent of qubit-environment entanglement
formation. On the other hand, the entanglement turns
out to be crucial when it comes to the ability of the ob-
served environments to store information about the state
of the decohering qubit.
Firstly, we have shown that the lack of system-
environment entanglement generation is synonymous
with the imposibility of an SBS state formation with re-
spect to the pointer basis of the qubit. This is true re-
gardless of the number of environments in each observers’
macrofraction, since separability translates into the en-
vironmental states conditioned on the qubit state being
completely indistinguishable.
For a qubit system, we have further studied case of
ideal distinguishability, when the supports of the en-
vironmental states conditioned on the qubit state are
strictly orthogonal. It turns out that such orthogonality
requires the qubit-observed-environment state to take an
extreme entangled form, which is characterized by the
same amount of Negativity as would be found in the
pure state a0|00〉 + a1|11〉 (N = |a0a1|) for an environ-
ment consisting of a single qubit. Additionally, we have
found that such states cannot appear if the initial qubit-
observed-environment state is of too low a purity. In fact,
the limitations on the initial purity of the environment
are quite strong (the purity must be twice as big as the
minimum possible purity of a system of a given size), and
are especially important for small environments. This
limitation in the extreme case of qubit or qutrit environ-
ments leads to the requirement of a pure initial state of
all environments. Otherwise the emergence of objectivity
(SBS) is impossible.
It is known that in many situations [6–13], a single
environment being observed by a single observer is in-
sufficient for the emergence of objectivity, but the ad-
dition of more environments to the observers disposal
(forming a so called macrofraction) can lead to SBS
states in the limit of a large number of environments.
Since we have here qualified the correspondence between
8qubit-environment entanglement in the extreme cases
and shown that separability excludes objectivity, while
the natural emergence of SBS states for an observer lim-
ited to a single environment requires the qubit and the
observed environment to entangle strongly, we conjecture
that the amount of the generated QEE manifests itself
in the way that the SBS state is approached with the
growing number of environments in a single macrofrac-
tion. Since weakly entangled systems feature weakly dis-
tinguishable conditional environmental states, it follows
that the more qubit-environment entanglement present
in the system, the faster a near-SBS state should be
approached with growing macrofractions. Consequently,
not only is entanglement a necessary condition for objec-
tivity, but objectivity is to be expected more readily in
systems which strongly entangle during their joint evolu-
tions with their environments.
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